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• Hypergraph model: random connection bipartite graph

• Vertices: Two marked, independent Poisson point processes:

P = {(Xi,Ui,Bi, Li)}i⩾1 on S× T := (R× [0, 1])× (R× R+)
P ′ = {(Zi,Wi,Ri)}i⩾1 on S× R := (R× [0, 1])× R.

P-points (nodes) P ′-points (interactions)
position X ∈ R Leb position Z ∈ R Leb
weight U ∈ [0, 1] Leb weight W ∈ [0, 1] Leb
birth time B ∈ R Leb interaction time R ∈ R Leb
lifetime L ∈ [0,∞) Exp(1)

• Connection conditions:

spatial condition: |X − Z| ⩽ β U−γW−γ′
β > 0, γ, γ′ ∈ (0, 1)

temporal condition: B ⩽ R ⩽ B + L,

|x− z| ⩽ β u−γ w−γ′
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Spatial connection condition [1]
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1. Random Connection Hypergraph Model

• Degree of P ∈ P at time t:

deg(P; t) :=
∑

(Z,W,R)∈P ′

1{|X − Z| ⩽ βU−γW−γ′}1{B ⩽ R ⩽ t ⩽ B + L}.

• Edge count process:

Sn( · ) :=
∑
P∈P

deg(P; · )1{X ∈ [0,n]}.
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Approximation of the edge count process

2. Edge Count Process
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Theorem (Functional stable limit of edge count).

• ν : measure on J := [0,∞) with ν([ε,∞)) := c ε−1/γ

• P∞: Poisson point process on J×T with intensity ν×Leb×Exp(1)

S∗ε( · ) :=
∑

(J,B,L)∈P∞

J( · − B)1{J ⩾ c̃εγ}1{B ⩽ · ⩽ B + L} − c(ε)

If γ > 1/2 and γ′ < 1/4, then, in the Skorokhod space D([0, 1],R),

n−γ
(
Sn( · )− E[Sn( · )]

) d−−→
n↑∞

lim
ε↓0

S∗ε( · ).

Proof sketch.
Notations: normalized processes : · := n−γ( · − E[ · ])

observation window : Sn := [0,n]× [0, 1]

Step 1: High-mark edge count is negligible.

high-mark edge count: S⩾n ( · ) :=
∑

P∈P∩(Sn×T)

deg(P; · )1{U > n−2/3}

low-mark edge count: S(1)n ( · ) :=
∑

P∈P∩(Sn×T)

deg(P; · )1{U ⩽ n−2/3}

n−γ
(
S⩾n ( · )− E[S⩾n ( · )]

) d−−→
n↑∞

0 in D([0, 1],R).

Step 2: Approximation of the low-mark edge count.

S(2)n ( · ) :=
∑

P∈P∩(Sn×T)

E
[
deg(P; · )

∣∣P]1{U ⩽ n−2/3}
∥∥S(1)n −S(2)n

∥∥ P−−→
n↑∞

0

Result: S(2)n is devoid of spatial correlations of neighborhoods.
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Step 3: Only the lowest-mark vertices contribute in the limit. [2]

S(3)n,ε( · ) :=
∑

P∈P∩(Sn×T)

E[deg(P; · ) | P]1{U ⩽ 1/(εn)}

lim
ε↓0

lim sup
n↑∞

P
(
dSkorokhod

(
S(3)n,ε, S

(2)
n
)
> δ

)
= 0 ∀δ > 0.

Step 4: Convergence of the low-mark edge count. [2]

S(3)n,ε
d−−→

n↑∞
S∗ε in D([0, 1],R)

Step 5: The limit limε↓0 S∗ε( · ) exists in D([0, 1],R). [2]

3. Functional Stable Limit Theorem
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